
Measure Theory with Ergodic Horizons
Lecture 7

Non-measurable setz.

We will give an example of a non-measurable subset of IR with respect he
the Lebesque measures X

,
and outline in HW how do build a non-meas,

Set for

the Bernoulli measures.

Net.

For an equirrel . E on a
set X

,
a selector for E is a function s : X-X

such that sk)[x]E and xEy <=Ls(x) = sly) .

A transversal for E

is a set SIX that intersects every E-class in exactly one*

...%% - point.

Note
.

Haric
, a selectors

,
one sees that s(X) is a transversal,

and rice versa
,
if S is a transversal

,
then six-X is a selector,

defined by x 23 the unique element ye[xelS .
* selector land heare a transversal) always exists by axioms of choice.

However
,

this usually results in ill-behavedaets and functions.

Example.
let Er be the so-called Vitali equivalence relation on IR defined by

x Ery:<) X-yEQ.
In other words

,
this is the coset equivalence relation of Q as a subgroup of IR,

also the orbit equirrel of the translation action Q & IR.

It S be a transversal for Evlo
, i ,

i . e .
SEC0

,
1) that meets every Ev-clom

at exactly one point. We show wat S is not measurable not the Lebesque meas.

Suppose it is measurable. Then note that

[0 , 1 = y + S = [
,
2]

q= /(1, 17



But then 1 = x ((0 , B) = X (Wy + 3) = [ x(y + 3) =[ x(s) = 0 -x(s) =x([
,
27) = 3

qtQ(- 1
, 13 GE1(-1

,1] GEQ171
,
1)

so XIS) has do be O because NXS) < 3 but it can't be O because

15 m . x(S).

Remark
.

It is dempting to think that only axiom of choice can give non-measurable
sets but this is not quite true

. By definition
,

we know that all Bone
subsets of IRP are x-measurable

·
It is one of the first Unorems of

descriptive set theory ,
What projections of Bonel sets are still -measure

bla ; these site are called analytic .

Hence their complements, called coanalytic,
are also measurable. What about projections of connalytic sets

,
are they mean

surable? It turns out that the answer to this question is independent from

EF.MorePreciseHParticula GrubtBhta

Pocket took for working with measures.

Prop (monotone convergence) .

Let IX
,
B
,
M be a measure space.

(a) MIAn) =himMA for all R-measurable An with An An

1) If M(X) > & then MI Bu) =limB.
Caution

.
Part (6) can fail for infinite measures : Let Bu= In

,
&) soB=

but lim x(Bu) = lim & #0 = X (0).
n-> u + y

Propf
.

(a) ↑2
... Wdisjihyto ,

An := An An.e is

As

Ao M(VAn) = M(4An)= /AuAn) = him



him (AA =im MA &

(b) Bo

Bi
let An := BolBu

,
Run (An) is increasing ,

so by (,
...

B2 we have M/An) = lime(Au . (

But &An= BolBu and M(An) +M(Bu) = M(AnVBu) =M/Bo),
here M(Anl = M/Bo) - MCBul beare MlBn) < & · Also

,
M(NAnl = MCBo\Bn)

= M/Bo)-MIBul again become MIBu) < 8
. Thus

,

"

b ( , M/Bo)-M(ABs)=Lim (Bo-MBu ,
soMa =MBI

Borel-Cantelli Lemmas (Important Pigeonhole Principles) .

Let (X
,
B

,
M1 be a measure space.

(2) let (Aul be a sequence ofm-measurable sets with summable measures
,
i

.

e.

EMIAn) <4. Then the set FmInzm

limsupA:= (xEX : JaxAn]
n ->

is -wall . In other words
,

the valucky points form a wall set.

(6) (Measure compacten) Suppose M(X) < &
. Let (An] be a squence of meas.

sels such
that 7630 will MIAn)Id for all neIN.

X Then limsup An has measure -

Proof. Note that linsup Au= An
,

so MlimsupAMIA)MA
n2m

-O as m -> in part (a) , so MellimcupAnl = 0.



In part (6)
, M/linsupAn) =hmm(VA) by the decreasing monotone converge is

but Fan MIVAn)-MIAmI5 , soAl.

Application .

Let I
,
B

, M) be a measure space. A sequence
(Vn) of at

is called vanishing (resp . almost vanishing) if it is decreasing ,
Vas-Vuel,

and A Un = @) /resp . n-wall).
hEI

Prop .

Let I be a family of permeas .

Sets that is closed underthl unions

and contains sets of arbitrarily small measure. ThenE contains
an almost vanishing sequence.

Proof
.

Let Ane F be a set of measure ? I Let Bm :=UA
IBm) is decreasing and is in F

,
moreover it's

almost vanishing beare Bm = limsup An ,
which is wall

by BoreCantelli


